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Ahtract. A method is presented for the analysis of single degree of freedom non-linear os- 
cillators characterized by second order non-linear ordinary differential equations containing a 
parameter c which need not be small. The method is bed on expanding the solution as a sine 
power series. We explain our results as an application to the DufEng oscillators. 
1. INTRoDUOTI~N 
In this paper we study two classes of non-linear oscillators governed by dimensionless equa- 
tions of the form 
ii + mu + Et(u) = 0, (1-l) 
ii+mu+Ef(u)=rcosS22; 
d2 
..=p (1.2) 
where f(u) = uk (k = 2,3), m > 0, E is any constant, u is the displacement of the 
oscillators, and r cos Sit is a harmonic driving force. 
Certain special cases of these oscillators were treated at length in the literature (e.g., 
P-Q 
In the next sections, we present an exact bounded and periodic solution of problems (1.1) 
and (1.2) subject to the initial conditions 
u(0) = A, t;(O) = 0. (I-3) 
Ifweputu=%andr= &it, then from (1.1) and (1.3) we obtain 
2 
~+u+pvk=o. u(0) = 1, i(0) = 0, (1.4) 
where p = rA’-‘. Integrating (1.4) yields ir2 + u2 + 6~“” = 1 + -&, and one may 
immediately pi”,t the phase diagram for any given k and p. However, to provide a bounded 
and periodic solution of (1.4), a direct manipulation shows that 
i) For k = 2, there is a closed trajectory in the phase plane if and only if -1.5 < p < 0.5. 
ii) For k = 3, there is a closed trajectory in the phase plane if and only if p > -2. 
The exact solutions of equation (1.1) can be sought in terms of Jacobian elliptic functions. 
Such solutions, which have been discussed in [S-lo], are periodic with the period 
T=; / - K2 sin’ 8) -$ dt’, 0 
where X and IC are constants and depend on k, A, E, and m. 
For k = 2 we have 
K;2 = 
m + 2A& + @A(3 + s)* A2 
= ;AE(~ + 
3m 3 
$A(3 + z)+ ’ AE) ’ 
and for k = 3 we have [9] 
.2 = $, A2 = m+cA’. 
(1.5) 
(1.6) 
(1.7) 
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2. OUTLINE OF THE METHOD 
To solve equation (l.l), let us investigate a solution in the form 
u(t) = 2 cn sin” wt, 
n=O 
where w and the coefficients c,, are constants which remain to be determined. 
We may write 
m 
f(u) = C an sin” wt, 
(2.1) 
(2.2) 
n=O 
where 
and 
n 
a, = 
c ckcn-k for f(u) = u2, 
k=O 
n n-k 
an = c c C,+_L__mCkC,,, for f(U)=u3. 
k=Om=O 
(2.3) 
(2.4) 
Substituting (2.1) into u(O) = A, we obtain CO = A. Inserting from (2.1) to (2.2) into the 
left-hand side of (1.1) and equating the sum of the coefficients of sin” wt, n = 0, 1,2, . . . to 
zero we find 
n2w2 - m 
‘,+’ = (78 + 2)(n + l)w2 ‘, - (n + 2)(L + l)w2 On. (2.5) 
From l;(O) = 0 and (2.5) we can immediately conclude that cl = 0, c3 = 0, . . . successively. 
Hence, the solution (2.1) with coefficients (2.5) is a periodic solution with the period 5 for 
the initial value problem (1.1) and (1.3). Choosing w = +, the solution (2.1) becomes a 
solution with period T given by (1.5). 
Similarly, we might find such a solution for the problems (1.2) and (1.3). In fact, by 
inserting (2.1) into (1.2), choosing w = 2 , ‘R and using the above procedure, we obtain 
co = A, 
2w’cz + mc0 + ea0 = r, 
Cl = 0, c3 = 0, . . . . (2.6) 
12~‘~ + (m - 4~‘)~s + eaz = -2r, 
n2w2 - m 
cn+2= (n+2)(n+l)wZC”- (n+2)(En+l)uZan’ 
n 2 4. 
It is interesting to note that the series solutions (2.1) with coefficients (2.5) is convergent 
k--l 4 
with a radius of convergence not less than $, where P = maz((lc2l)f, (1 + 1%) }; p = 1 
when A 5 1 and p = A when A > 1. In order to prove this, we show that cn 5 r” for all 
n > 2. In fact, for n = 2, lczl 5 r2. Now if we suppose lc,,j 
we have to show that Icm+sl 5 rrn+l. Using (2.3) and (2.4) 
we find 
IhI5 
and 
lamI I m(m2+ 2)Ip2rml, 
respectively. Now from (2.5), it can easily be shown that 
5 r” for n = 2,3,. . . , m, then 
for f(u) = u2 and f(u) = u3, 
(2.7) . 
(2.8) 
lamI 
km+21 5 lcml + I$,, + 2)(m + l). (2.9) 
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Using (2.9) with (2.7) or (2.8) and recalling that P* 2 (1 + $), we can immediately 
conclude that 
k+1 
IGn+2l 5 fin + IGlrm, or Icm+21 5 pm+*. 
Hence, we conclude that the sequence with the general term m has an upper bound 
which ensures the convergence of the solution (2.1) with coefficients (2.5). 
By the same procedure, it may be shown that the series solution (2.1) with coeffi- 
cients (2.6) is also convergent with a radius of convergence not less than $ where r = 
mot[(lc~l)~, (1+ IGl)‘]; p = 1 when c4 < 1 and p = c4 when q > 1. 
3. SOME APPLICATIONS OF THE METHOD 
As a first application of our method we consider Duffing’s oscillator 
ii+nu+eus=o. (3.1) 
This equation, in the case of m > 0, refers to the vibration of a heavy pendulum, or of a 
load carried at the end of a straight spring. 
The constant non-zero solutions of equation (3.1) corresponding to the initial conditions 
A = h(-3)’ are u(t) = k( 3 -7) . These solutions represent the equilibrium state of the 
mechanical systems governed by equation (3.1). 
Substituting (2.4) into (2.5), we obtain the solution 
u(t) = A - $(m + EA2) sin’ wr + m ’ ‘icd- 4w2 A(m + sA2) sin4 wt + . . . (3.2) 
for the equation (3.1) subject to initial conditions (1.3). The coefficients of (3.2) vanish for 
A = zIz(-~)~. Hence, the solution (3.2) reduces to u(t) = &(-?)a for A = h(-F)i. 
Choosing A = (-%)“, corresponding to p = -2 in (1.4), then (1.5) and (3.2) yield the 
solution 
u(t) = A(1 + 2sin2 ffit + 22 sin4 ffit + 23 sin6 $/F& + . . . ) (3.3) 
for the initial value problem (3.1) and (1.3). 
The solution (3.3) is convergent for lsin ifirl < 2’#, and for these values of sin $/YE~, 
this solution may be written in the form 
u(t) = 
A 
cos fit ’ (3.4) 
which is an exact periodic solution in terms of trigonometric functions. It is interesting to 
note that the solution (3.4) is a solution of problem (3.1) and (1.3) not only for I sin +,/Et] < 
2-f but for 2-4 < I sin &/%I 5 1 as well. This may be verified by substituting (3.4) into 
(3.1). However, this solution has singularities for I sin &/Xl = 2-f. 
The solution (3.4) for m = 1 has the period 2r which is in contrast to the assertion 
contained in Rksumd Chap. IV [lo]. 
Now, we consider the following differential equation 
ii+mu+Eu’= FcosRt. (3.5) 
This equation can be interpreted as the equation of the forced motion with no damping of 
a particle on a spring which provides an unsymmetrical restoring force. 
Substituting (2.3) into (2.6), we obtain the solution 
U(t) = A+& (I’-mA-cA2) sin’&+ &{(I‘-mA-EA2)(2-$-s)-21Y}sin4wt+. . . 
(3.6) 
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for equation (3.5) subject to the initial conditions (1.3). 
Let us now suppose E to be small. Then, by using the perturbation methods we may find 
an approximate periodic solution of equation (3.5) in the form 
u(t) = uo(t> + w(t) + o(e) (3.7) 
where 
r -rm rm 
UO = a cOsnt and ‘l = 2(m _ *2)2 - 21rn _ ~-22)(~ _ 4Q2) ‘OS 2Qt* 
The approximate solution (3.7) is a useful one as long as R - fi is not too small and 
2Q = 6. An approximate solution can be determined for the case when R = ,/i?i by using 
Lindstedt’s method. In this case, the result is (e.g., [S]). 
where 
u(t) = 2 co9 SZt - -$-;A$ + ;A; cos2Rt) + O(E), 
+1- ;$A; + o(c2). 
(3.8) 
(3.9) 
However, the regular perturbation expansion in (3.7) and a singular expansion in (3.8) are 
limited to small e. By contrast, the solution in (3.6) is valid for all e, m and R. 
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